In a recent theoretical study of the transverse electronproton (e-p) instability, an asymptotic solution has been found for the equations describing the centroid motion of the traversing proton bunch and the stationary hackground electrons. [l] It was shown that the combination of finite proton bunch length, non-uniform proton line density, and the single-pass e-p interaction cause the instability to evolve intricately in space and time even in the linear regime. This paper reports a numerical study of the e-p instability based on the same centroid equations. The purpose of the work is to compare the numerical solution with the analytic solution and to use the numerical approach to investigate the early development of the instability not covered by the asymptotic solution. In particular. the instability threshold and the initial growth of the instability are studied for various proton-beam conditions, fraction of charge neutralization, and initial perturbations.
INTRODUCTION
In recent years, there has been a growing interest in studying the transverse electron-proton (e-p) two-stream instability in intense proton beams. One of the focuses is on the e-p instability observed in the long proton bunch like the one in the Proton Storage Ring (PSR) at Los Alamos National Laboratoly [2] . Although the basic mechanism of the instability has been well known, the theory for a bunched beam e-p instability is still under developing. In a recent theoretical study of transverse e-p instability, an asymptotic solution has been found for the equations describing the centroid motion of the traversing proton bunch and the stationary background electrons.
[l] The growth rate and the stability threshold were estimated based on the asymptotic solution. As discussed in Ref. 1, the results derived from this kind of approach are applicable to special cases only. The initial evolution of the perturhations and the instability threshold still need more investigation. The work reponed in this paper is a numerical study based on the centroid equations discussed in Ref. 1. We will compare the numerical results with the analytic solution and study the early development of perturbations in the proton bunch by investigating various proton-beam conditions, fraction of charge neutralization, and initial conditions. Since the numerical approach inevitably lacks generality, the intention here is to extract some qualitative understanding in a limited parameter space only. 
CENTROID MODEL
We consider a hunched proton beam of full length L and circular cross section of radius a, propagating with a constant velocity v through a stationary electron background of infinite extent in the direction of heam propagation. The protons are confined in the transverse direction by a linear external focusing force. We assume that in the equilibrium state, particles are distributed uniformly in the transverse direction and the electrons experience a linear transverse focusing force due to the space charge of the proton hunch.
A Cartesian coordinate system is chosen such that the z axis is pointing opposite to the direction of proton propagation, and the origin coincides with the center of the beam cross section. The line densities of the protons and electrons, A, and A,, generally depend on 2. The synchrotron motion of the protons and the axial motion of the electrons in the laboratory frame are neglected for simplicity. We also neglect the impedance due to the beam environment, and consider the transverse motion in only one direction, say the y direction. The stability study is based on a model in which each electron interacts with the proton beam only once, i.e.. a "one-pass" interaction between the electrons and protons. where the subscripts q stands for p (protons) or e (electrons), yq(z, t , wq) is the particle displacement at the position z and time t, wq is the oscillation frequency, F,(w,) is the frequency distribution function, and A, characterizes the frequency spread of wq. We consider a Lorentzian dis-
where wqo is the mean value of w,. Averaging over the equations of single particle motion yields
where D = a p t ~ v(a/az), and wg is the undepressed betatron frequency, ((2) = 2r,c2X,(2)/(azw~y). 
NUMERICAL STUDY
The study here is based on the numerically solution of Eqs. (2) and (3). Earlier numerical studies as well as simulations using the similar equations, including the variations that cover multi-elechons and electron production, have yielded reasonable agreementwith experimental data. [3, 4] Comparison between numerical results at large time and the asymptotic solution given in Eq. (vi) The initial growth rate estimated in Eq. (6) is usually much higher than the simulation results. Estimates of stability threshold made by using Q. (7) appear to be too conservative in general.
As an example. we focus our study here on a few specific density profiles and initial conditions with A, and proton intensity chosen near the stability threshold. Thus, we consider a constant A, and four types of A, , : constant, elliptical, parabolic, and quartic (parabolic squared). Four initial perturbations on the proton centroid are investigated: wavelength proportional to 6, noise, 100 MHz, and 250
MHz. All Parabolic proton line density is considered here. Fig. 1 is the growth rate at the tail of the proton bunch as a function of the turn number in PSR for different initial conditions and parabolic proton line density.
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The growth rate computed using Eq. (6) is also shown for cornpanson. The corresponding amplitude of proton centroid oscillation is shown in Fig. 2. Figure 3 
3097

CONCLUSIONS
We have canied out a numerical study of the transverse e-p instability using the centroid equations derived from Lorentzian distribution of particles' oscillation frequencies and the model of one-pass interaction between the stationary electrons and traveling proton hunch. Numerical results were compared with the asymptotic solution. Good qualitative agreements were found when the initial perturbation in the numerical solution is evolved into the asymptotic regime at large time. The initial evolution of perturbations was investigated for various proton line densities and initial conditions of the proton bunch. Some qualitative understanding has been acquired from these numerical solutions. Notably, we found that the asymptotic solution tend to overestimate the growth rate and the frequency spread of proton oscillation required for stability in general. Thus, unlike the situation in analyzing a usual beam stability, the extrapolation ofthe growth rate from the asymptotic regime to the initial state is much more restricted for the e-p instability in a bunched beam of non-uniform line density. We also found that the perturbations with frequency below the peak electron bounce frequency have stronger influence on the initial growth rate than the high-frequency perturbations.
